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Abstract. Plateaued and partially bent functions over finite fields have significant appli-
cations in cryptography, sequence theory, coding theory, design theory and combinatorics.
They have been extensively studied due to their various desirable cryptographic properties.
In this paper, we study on characterizations of partially bent and plateaued (vectorial) func-
tions over finite fields, with the aim of clarifying their structure. We first redefine the notion
of partially bent functions over any finite field Fq, with ¢ a prime power, and then provide a
few characterizations of these functions in terms of their derivatives, Walsh power moments
and autocorrelation functions. We next characterize partially bent (vectorial) functions over
Fp, with p a prime, by means of their second-order derivatives and Walsh power moments.
We finally characterize plateaued functions over F, in terms of their second-order derivatives,
autocorrelation functions and Walsh power moments.
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1 Introduction

The notion of bent Boolean functions, whose absolute Walsh transform takes only one
nonzero value, had been initialized in 1966 and published [28] in 1976 by Rothaus (also
indicated by Dillon in his thesis [14] in 1974), since then they have been widely studied by
several researchers (see, e.g., [5,8,23]). In 1985, Kumar et al. [18] extended this notion to
any residue class ring Zj and the so-called generalized bent functions have been extensively
studied in [1,7,15,19,21]. In 1991, Nyberg [27] introduced the notion of perfect nonlinear
functions over Zg. It is worth mentioning that generalized bent and perfect nonlinear
functions over Zj are not equivalent for a positive integer k, in general. Nyberg, over Zj,
showed that any perfect nonlinear function is a generalized bent function for any positive
integer k, but the converse is true only if k is a prime number. In 1997, Coulter and
Matthews [13] redefined bent functions over any finite field F, with ¢ a prime power, and
discussed some of their properties and permutation behaviors. They showed that bent
and perfect nonlinear functions are equivalent over F,. Additionally, Hou presented in [16]
further new results on bent functions over [F,.

Because of unbalancedness of bent functions, as an extension of the class of bent
functions, Carlet introduced in [4] the class of partially bent functions and studied within
these functions the propagation criterion. Partially bent functions are interesting in their
own right and workable with respect to their significant cryptographic properties such
as the balancedness, high nonlinearity, high correlation immunity and good propagation
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criterion. The interest of these functions is further from cryptographic point of view since
they involve bent functions. The notion of partially bent functions was extended to IFp,
with p any prime, and [12] gives a deeper understanding of p-ary partially bent functions
in many contexts. Then, partially bent functions have been studied by several researchers
(see, e.g., [2,5,12,23,30]). In this paper we redefine partially bent functions over I, with
q a prime power.

As an extension of partially bent functions, Zheng and Zhang [31] introduced plateaued
Boolean functions which are functions whose squared Walsh transform takes two distinct
values (one being zero). They have been deeply studied by several researchers (see, e.g.,
[5,6,10,23]). This notion was extended to F,, with p any prime, and the p-ary plateaued
functions have been studied in [9,11,17,22,24]. Recently, this notion has been studied over
F,, with ¢ any prime power [26].

This paper is organized as follows. Section 2 fixes main notations and recalls the nec-
essary background. Section 3 first redefines the notion of partially bent functions over I,
and next presents several characterizations of these functions in terms of their Walsh power
moments, derivatives and autocorrelation functions. We also highlight that g-ary bent and
g-ary partially bent functions are g-ary plateaued functions. Section 4 characterizes p-ary
partially bent (vectorial) functions by their Walsh power moments and derivatives. In Sec-
tion 5, we study on characterizations of p-ary plateaued functions by means of their Walsh
power moments, derivatives and autocorrelation functions.

2 Preliminaries

For any set E, #FE denotes the size of E and E* = E \ {0}. Given the complex number
z € C, where C is the field of complex numbers, |z| and z denote the absolute value and the
conjugate of z, respectively. For a prime number p and a positive integer m, the finite field
with p™ elements is denoted by F,, where ¢ = p™. For a positive integer n, the extension
field Fy» over F, can be regarded as an n-dimensional vector space over F,, and denoted
by Fy. Hence, an element o € Fyn can be viewed as a vector a = (a1,09,...,ap) € Fy
where o; € Fy for 1 <7 < n.

The relative trace of o € Fyn over Fy is defined as Trgn(a) —a4+ai+---+af" " and
the absolute trace of B € Fym over F, is defined as Tlr%gm B)y=B+08P+---+ BP" " The
trace function is linear and satisfies the transitivity property in a chain of extension fields,
that is,

Trd (a) = Ted (Ted" (o))

for @ € Fgn where ¢ = p™. A primitive p-th root of unity in C is denoted by §, = e2mi/p
where i = /-1, and its complex conjugation is its inverse, i.e., Ep =&, L. The function x
from F,; to C defined as

x(@) = &7 (1)
for x € IF, is called the canonical additive character of F,. Notice that for each y € I,
the function x, defined as x,(z) = x(yx) for € F, is an additive character of F, and
every additive character of I, is obtained in this way. For each character x of Iy, there

is associated the conjugate character X defined as X(x) := x(z) for z € F,. The canonical
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additive characters x of Fy and ¢ of Fy are connected by the identity X(Trgn(oz)) =Y (a)
for all a € IFy. The following lemma gives the properties of additive characters of F,.

Lemma 1. [20] Let x : F; — C be an additive character as in (1). Then for all 1, x9 € Fy,
we have x(x1 + x2) = x(z1)x(22) and X(21) = x(—z1).

Let f:Fy — F,. We can define a corresponding function xy from Fy to C by

xi(@) = x(f(@) = &2V,

The Walsh-(Hadamard) transform of f at w € Fy is the Fourier transform Xy : Fy — C
of the function x; defined by

Xjw) = Y xr@)x(w- ), (2)

z€Fy

where x : F; — C is any non-trivial additive character of Fy in (1) and “-” denotes an
inner product in Fy over F,. It is worth noting that (2) can be also given without the
conjugate of x. If Fy is identified with Fyn, we can take w-z = Trgn (wz) for w,z € Fy. The
Walsh support of f is the set {w € Fgn : X7(w) # 0}, denoted by Supp(X). We denote

/\/;/(? = #Supp(X) and as is readily seen /\/;/(? < ¢". For any nonnegative integer 7, even

Walsh power moment of f is defined by

Sif) =Y NG

welp

with the convention So(f) = ¢". It is a well known fact that S1(f) = ¢*", which is called
the Parseval identity. A function f is k-th order correlation immune (1 < k < n) if

Xflw)=0; 1<wt(w) <k,

where wt(w) denotes the Hamming weight of w € Fy. A function f is said to be balanced
(or, permutation polynomial) over F, if

x7(0) =0,
e, #{r eFy: f(z) =1} = q" ! for each | € F,; otherwise, f is called unbalanced. The
derivative of f at point a € Fy is the map D, f from Fy to F, defined by

Dof(z) = f(x+a) — f(x)

for all z € F7. The second-order derivative of f at point (a,b) € (F7)? is given as
DyDuf(z) = f(x +a+0b) — f(x+a) — f(z +b) + f(z) for all z € Fy. For (a,d) € (FZ)Q,
readily DyD, f(x) = DDy f(x) for all x € Fy. The autocorrelation function of f is the
map from Fy to C defined by

Ap(a) = Y X(Duf())

z€Fy
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for all a € Fy, where x is any non-trivial additive character of Fy in (1). A function f

satisfies the propagation criterion PC(k) of degree k (1 < k < n) if
Ag(a) = 0; 1 <wt(a) <k.
We denote by Supp(Ay) the set of elements a € Fy such that D, f is not balanced, i.e.,
Supp(4y) = {a € T+ As(a) £ 0}. 3)

Denote by Na, the size of Supp(Ay). The following lemma can be easily proven (see [4],
in characteristic 2).

Lemma 2. Let f:Fj — F,. Then

i) X7(w) = X7 (—w) for all w € Fy.
i) [X7(w)|? = Ag(w) for all w € F7.
ii1) [NHO)F = Y esy Arla).

We end this section with the following definitions for a p-ary function f : Fpn — F,.
A function f is said to be a p-ary bent if |\;(w)|* = p" for every w € Fyn, and f is a
p-ary partially bent if the derivative D, f is either balanced or constant for all a € Fpn.
Moreover, f is said to be a p-ary s-plateaued if |X7(w)|> € {0,p" "5} for every w € Fyn,
where s is an integer with 0 < s < n. Notice that the symbol “*” denotes usual product
over the ring of integers.

3 On the g-ary partially bent functions and their characterizations

This section first redefines the notion of partially bent functions over F,, where ¢ = p™
for a prime p and a positive integer m, and next characterizes these functions by means
of their Walsh power moments, derivatives and autocorrelation functions.

3.1 On the notion of g-ary partially bent functions

The generalized bent and perfect nonlinear functions over Zj, for a positive integer k were
introduced by Kumar et al. [18] and Nyberg [27], respectively. Then, these notions were
redefined over Fy as follows in [13], where ¢ = p™ for a prime p and an integer m > 1.

Definition 1. Let f : Fjy — F,. Then, f is called a g-ary bent if IXF(w)? = ¢" for all
w € Fy, and f is said to be a perfect nonlinear if the derivative Do f is balanced for all
nonzero a € Fy.

Proposition 1. (13, Theorem 2.3]) Let f : ¥y — Fy. Then, f is q-ary bent if and only
if [ is perfect nonlinear.

The following corollary can be easily derived from Proposition 1.

Corollary 1. Let f : Fy — F,. Then, we have ), pn |Ap(a)> > ¢*, with equality if and
q
only if f is q-ary bent.

In [26], the notion of plateaued functions was redefined over F, as follows.
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Definition 2. Let f : Fy — Fy and s be an integer with 0 < s < n. Then, [ is called a
q-ary s-plateaued if |X7(w)|* € {0,¢" 5} for all w € F7.

The Walsh distribution of a ¢g-ary plateaued function is given as follows.

Lemma 3. Let f : F}' — Fy be an s-plateaued function. Then for w € Fy, [xj(w)|? takes
q"* times the value ¢" % and ¢ — ¢"° times the value 0.

The notion of linear translators for g-ary functions is given as follows.

Definition 3. [23] Let f : Fy — F;. A nonzero element a € Fy is called a b-linear
translator for a function f if the equation f(z 4+ ua) — f(x) = ub holds for all x € Fy,
u€Fy and a fized b € F,.

The linear translators of g-ary functions have the following properties.

Lemma 4. Let f : Fy — F, and let Ly be the set of linear translators of f. Let a € Ly.
Then we have the following.

i.) f(z+ua) = f(z)+ f(ua) — f(0) for all x € Fy and u € Fy.
ii.) Ly is a linear subspace of Fy and it is called a linear space of f.
iti.) l(z) := f(x) — f(0) is a linear function on Lj.

We are now going to redefine the notion of partially bent functions over F,. To do
this, we first give a bound stating the trade-off between the number of nonzero values of
the autocorrelation function and of the Walsh transform of g-ary functions. In the original
paper of the notion of partially bent functions [4], Carlet, in characteristic 2, proved that
this bound holds for every Boolean function and partially bent Boolean functions are
defined to be these functions which the equality holds (for the p-ary case, see [12]).

Proposition 2. Let f:Fy — F,. Then
with equality if and only if the derivative Dq [ is either balanced or constant for all a € Fy.

Proof. ~ We have [x7(0)|* = Y, cpn Af(a) by Lemma 2 (iii). Then by (3) we have
q

IX7(0)]* < ¢"Na,. Notice that Na, is invariant if f(z) is replaced with f(z) —w - =

for all w € Fy!, and so we have |Xf(w)|* < ¢"Na, for all w € F7. Hence, from the Parseval

identity we have

¢ < max(|X;(0)*) * Nig < ¢"Na, * Ny; ()

beFy

For the equality case, assume that the equality in (4) holds. By (5), we have that
maxpery 1X7(D)]?) = Ng = ¢*". By the Parseval identity, for all w € Supp(¥) we have
X7 (w)]? = maxb@pg(b?}(bﬂ?), that is, there exits an integer s such that |7 (w)[> = ¢"*%,
ie., f is s-plateaued. For all w € Supp(x7), by Lemma 2 (i),

X7 (w)? = Z Z x) —w-a),

acSupp(Ay) z€Fy
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where we used that D, f is balanced for all a € Fy \ Supp(4y). By Lemma 3, we have

J\/Xf = ¢"7% and hence by (4), we get Na, = ¢°. Then for all a € Supp(4y), we have

S X(Duf(a) —w-a) = ¢"

z€Fy

for all w € Supp(Xy), that is, Dy f is constant (since D, f(x) = w - a for all z € Fy).

Conversely, assume that D,f is either balanced or constant for all a € Fy. Then
Supp(Ay) = L5 and there exists an integer s such that NAf = ¢°. Our next aim is to find
N For all w € Fyy, by Lemma 2 (4i) we have

TGP =3 3 X(Duf@)X(w - a).

aEEfxEFg

By Lemma 4, if a € Ly, then f(z +a) — f(x) = f(a) — f(0) for all z € Fy;. Then for all
w € Fy we have

n+s i _ . _ 0
Xl =a" Zx(f(a)—ﬂm—w-a):{g, ’(ft{lﬁﬁvis; o Oen ks

lZGEf

where in the last equality we used that f(a) — f(0) —w - a is linear on L;. Then by the
Parseval identity, we have Nfc} = ¢"*. Hence, the equality in (4) holds. O

Definition 4. Let f : Fy — Fy. Then, f is called a q-ary partially bent if the derivative
D, f is either balanced or constant for all a € Fy.

The definition of g-ary partially bent functions can be slightly revisited as follows.

Remark 1. Let f : Fjy — Fy be a function with linear space £y such that dim(Ly) = s
where s is an integer with 0 < s < n. Then, f is said to be a g-ary s-partially bent if the
derivative D, f is balanced for all a € Fy \ L. Clearly, D, f is constant for all a € Ly.

The absolute Walsh transform of g-ary partially bent functions takes only one nonzero
value (also possibly the value 0).

Proposition 3. Let f : Fy — F, with linear space Ly and let dim(Ly) = s. If f is g-ary
s-partially bent, then |Xf(w)|* € {0,¢"*} for all w € F}!.

In view of Proposition 3, the Walsh distribution of ¢-ary partially bent functions follows
from the Parseval identity.

Lemma 5. Let f : F}' — F, be an s-partially bent function. Then for w € F?, |xj(w)|?
takes "~ times the value " and ¢" — ¢""° times the value 0.

Remark 2. Any g-ary bent f is a g-ary partially bent function with £; = {0} by Propo-
sition 1. Over g, any perfect nonlinear function is a partially bent function.

In the light of the above results, we can give the following natural consequence for
g-ary functions.
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Proposition 4. Let f : Fy — F, with linear space Ly and let diim(Ly) = s. Then, f is
q-ary s-partially bent if and only if f is q-ary s-plateaued. In particular, f is q-ary bent if
and only if f is q-ary 0-plateaued.

Remark 8. The set of g-ary bent functions is a proper subset of the set of g-ary partially
bent functions. Similarly, the set of g-ary partially bent functions is a proper subset of the
set of g-ary plateaued functions. Namely, a g-ary s-plateaued with dim(Ly) < s is not a
g-ary partially bent.

Remark 4. Let f : Fy — F,. Then, f is affine if and only if ,/\/}(? =1 and f is g-ary bent
if and only if Ny, = 1, i.e., maXae]F;nﬂAf(a)D = 0. Moreover, f is g-ary partially bent if
and only if |[Af(a)| € {0,¢"} for all a € Fy.

3.2 Characterizations of g-ary partially bent functions

In this subsection, we obtain several characterizations of g-ary partially bent functions by
means of their Walsh power moments, derivatives and autocorrelation functions.

A link between the autocorrelation function and the second-order derivative of a g-ary
function is given as follows (see [5], in characteristic 2).

Proposition 5. Let f:Fy — F,. Then
Yo 1As@P = " x(DuDpf()). (6)
acky a,b,z€Fy

Proof.  Since |z|? = 2% for z € C, the left hand side of (6) is given as

SN XDaf®) D X(Daf(@) = Y x(Paf(b) —Daf(x)) = > x(PuDof()),

a€F? beF?n z€FD a,b,z€F? a,b,z€F?
where in the last equality we used the bijective change of variable: b +— b+ x. O

The identity involving the fourth Walsh power moment and the second-order derivative
of a g-ary function is constituted as follows (see [5] for binary case and [22] for p-ary case).

Proposition 6. Let f:Fy — F,. Then

Sa(f)=d" Y X(DuDpf(x)). (7)

a,bxely

Proof.  Since |z|* = 2272 for z € C, we have

YOGt = Y x(f@) = fla) + () = fe) D X(w- (@ —atb—c))

welF? @,a,b,cEFY welF?
=q" Y x(f(z) = fla) + f(b) - f(x —a+b))
a,b,xEFy

. Trqn(fw(:pfa+bfc)) "ifc=x—a+0b,
stee Z‘UGFEL & - {0 otherwise.
Hence, since (a,b, ) — (z +a,z +a+b,z) is the permutation of (F7)3, then (7) holds. O

The following link follows readily from Propositions 5 and 6.
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Proposition 7. Let f : Fll — F,. Then we have Sa(f) = q" Y cpn | Ag(a) .
q

The following characterization of partially bent functions by means of their autocor-
relation functions can be given (see [5], in characteristic 2).

Proposition 8. Let f : Fy — Fy with linear space Ly and let diim(Ly) = s. Then

Y 1Ar@))? = ¢,

aEFg

with equality if and only if [ is q-ary s-partially bent.
Proof.  Due to the fact that D, f is constant for all @ € Ly, we have Zaeﬁf |Ag(a)|* =

¢>" . Moreover, we have

> 14s@)? >0,

a¢Lly
with equality if and only if Af(a) is zero (i.e., D, f is balanced) for all a ¢ L. Hence, the
proof is complete. O
The following can be directly derived from Propositions 5 and 8.
Corollary 2. Let f:Fy — Fy with linear space Ly and let dim(Ly) = s. Then we have
> X(DuDyf(x)) > ¢,

a,bxely

with equality if and only if f is q-ary s-partially bent.

We derive directly from Propositions 7 and 8 a characterization of partially bent func-
tions in terms of their fourth Walsh power moment.

Theorem 1. Let f : Fy — Fy with linear space Ly and let dim(Ly) = s. Then
SQ(f) Z q3n+sa

with equality if and only if f is q-ary s-partially bent.

The sequence of even Walsh power moments of a g-ary partially bent is a simple
geometric sequence.

Corollary 3. Let f:Fy — Eq be a q-ary s-partially bent. Then for every positive integer
i, we have S;(f) = ¢"UHV+0=1) and for every integer j > 2,

Si(f)S;(f) = Six1(f)Si-1(f)-

Proof. By Lemma 5, we have S;(f) = ¢"*(¢""%) = ¢"(+D)+s5(0=1) for every positive
integer i. The second assertion follows readily from the first assertion. OJ

We recall the strong properties of the Fourier transform of complex valued functions.
For G : Fy — C, let G- Fy — C be its Fourier transform. Then we have @(u) =q¢"G(—u)



Characterizations of Partially Bent and Plateaued Functions over Finite Fields 9

for all u € Fy. As is readily seen, G(u) = 0 for all u € Fy if and only if G(v) = 0 for all
v € Fy. Hence for two functions G1,Gs : Fy — C,

G1(u) = Ga(u), Yu € F? <= Gi(v) = Ga(v), Yo € FV. (8)

We now give a powerful characterization of g-ary partially bent functions by means
of their second-order derivatives (see [10] and [24] for bent Boolean functions and p-ary
plateaued functions, respectively). Since the argument of the proof is similar to that of
p-ary case, we only give a sketch.

Theorem 2. Let f : Fy — Fy with linear space Ly and let dim(Ly) = s. Set

Op(x) = > X(DaDpf(x))

a,bely

for @ € Fyn. Then, f is q-ary s-partially bent if and only if O;(x) = ¢"** for all z € Fy.
In particular, f is q-ary bent if and only if 0¢(x) = ¢" for all x € Fy-

Proof. Put § = ¢""*. For a function f, 6;(z) = 0 for all z € [y if and only if for all
xz el
q

Y x(flatb—2) = fla) = f(b) = Ox(—f(2)) 9)

a,beFy

(by the bijective change of variables: a — a — z and b +— b— x). We can easily see that the
Fourier transforms of the left-hand side of (9) at w € Fy is given by X:f( ) X:f( w)Xf(—w)
and of its right-hand side by OXQf(w). By Lemma 2 (i), we have ng( ) =X7(—w). By (8),
for all z € Fy, (9) holds if and only if for all w € Fy,

X7 (W) X5 (@)X5(w) = Oxf(w);

equivalently, |Y7(w)[* € {0,0} for all w € [y where 6 = q""s, that is, f is g-ary s-partially
bent. In particular, for s = 0, 0;(z) = ¢" for all € F} if and only if |[X7(w)|* = ¢" for all
w € Fy by the Parseval identity, i.e., f is g-ary bent. (|

Notice that Theorem 2 says that any g-ary quadratic function is a g-ary partially bent
function since the second-order derivative of a quadratic function is constant. We also
deduce the following proposition by using the linear translators of a g-ary function f.

Proposition 9. Let f : Fy — F, with linear space Ly and let diim(Ly) = s. Then for all
r € Fy, Za,beng X(D.Dypf(x)) > q"F5, with equality if and only if f is q-ary s-partially
bent.

Proposition 10. [26] Let f : Fy — F,. Then for all v € Fy,

S x(f@) —w- 2)x;w) KFW)?=¢" Y X(DaDpf()).

welFy a,beFy

The following corollary follows directly from Propositions 9 and 10.
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Corollary 4. Let f : Fy — Fy with linear space Ly and let dim(Ly) = s. Then we have
for all x € Fy,

Y x(f@) —w- )T ) [KFw) = ¢,

weFy
with equality if and only if [ is q-ary s-partially bent.

In the following sections, we assume that m = 1 (i.e., ¢ = p), namely, f is a p-ary
function from F,» to F, where p is a prime.

4 Characterizations of p-ary partially bent (vectorial) functions

This section characterizes p-ary partially bent (vectorial) functions in terms of their Walsh
power moments and second-order derivatives.

4.1 Characterizations of p-ary partially bent functions

In this subsection, we obtain some characterizations of p-ary partially bent functions by
their fourth Walsh power moment and the value distribution of their second-order deriva-
tives.

For a function f : Fn — [Fp, a corresponding function fy := Af : Fpn — F, is defined
as x +— Af(z) for every )\ € F). Then for any A € Fy, we have DyD, )\f( ) = (DbD f(2))
at (a,b) € F2 for every x € IF . We denote by ‘)"((f) the size of the set K = {(a,b,z) €
F3. : DyD, f(ac) =0}.

Proposition 11. Let f : Fyn — F),. Then we have Z/\GF; So(Af) = p"HIN(f) — pin.

Proof. By Proposition 6, we have

S 800X (X @)

AEF AEF} a,b,zE€Fyn
(X T goms $ 5 gneue)
P
AEF} (a,b,x)eK (a,bx)E K AEF}

=" (0= )N = B* = N())) = pHN(S) - p™7,
where in the third equality we used that 1 + &, + fg + - 5571 =0. O
From Theorem 1 and Proposition 11, we derive a characterization of partially bent

functions in terms of the zeros of their second-order derivatives.

Corollary 5. Let f : Fyn — F), with linear space L; and let dim(Ly) = s. Then, f is
p-ary s-partially bent if and only if N(f) = p3n—1 + p?nts — p2nts—1,

Proof.  Clearly, f is p-ary s-partially bent if and only if f) is p-ary s-partially bent for
every A € F. Then by Theorem 1, f is p-ary s-partially bent if and only if

Z S2 f)\ ) 3n+s

AEFy
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equivalently, by Proposition 11, we have M(f) = p3"~1 4 p?nts — p2nts—1, O

A function f : Fpn — ), with linear space L is p-ary partially bent if and only if the
derivative D, f is balanced for all a € F» \ L. It would be interesting to prove directly the
following theorem without using partially bent-ness of f. To do this, we need the following
well-known lemma (see [24] for vectorial case).

Lemma 6. Let h : Fyn — Fp. Then p?~! < #{(x1,72) € IFZQ,” : h(zy) = h(za)}, with
equality if and only if h is balanced.

Theorem 3. Let f : Fyn — ), with linear space Ly and let dim(Ly) = s. Then, Dy f is
balanced for all a € Fpn \ Ly if and only if N(f) = p3n~1 4 p?nts — p2nts—1,

Proof.  Clearly, for all (a,b,z) € Fa., DyD, f(x) = 0 if and only if
Dof(x) = Dof(x + ). (10)
For all a € Ly, since the derivative D, f is constant, we have
#{(a,b,x) € Iﬁ‘gn a € Ly and DD, f(z) = 0} = p°p"p" = p*"*=. (11)

For all a € Fyn \ Ly, by Lemma 6, D, f is balanced if and only if the number of pairs

(b,z) € F%n satisfying (10) is equal to p?"~!; equivalently,

#{(a,b,3) € T, : a ¢ L; and DyD, f(x) = 0} = (5" — p*)p?™ . (12)

Hence, combining (11) and (12) concludes the result. O

4.2 Characterizations of p-ary vectorial s-partially bent functions

We first give the notion of vectorial p-ary s-partially bent functions and next provide their
characterizations.

Definition 5. Let F' : Fpn — Fpm be a vectorial function. For every A € Fym, let F) :

Fpn — [, defined by Fy(z) = Trgm (AF(x)), be its component function with linear space

Lp,.

— Then F is called a vectorial p-ary partially bent if Fx, A\ € Fym, is p-ary partially bent.

— Assume that there exits an integer s with 0 < s < n such that dim(Lp,) = s for every
A € Fpm. Then, F is called a wvectorial p-ary s-partially bent if Fx, A € Fym, is p-ary
s-partially bent.

Remark 5. The notion of vectorial partially bent functions coincides the notion of strongly-
plateaued functions introduced in [6]. More precisely, all derivatives of a function f : Fpn —
[F,, are either constant or balanced if and only if for all a € F)» and v € I}, the size of the
set {b € Fyn : Dy f(b) = Do f(x)+ v} is independent of z € Fyn.

We can derive directly from Theorem 1 the following characterization of vectorial
partially bent functions.
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Theorem 4. Let F' : Fpn — Fym, and for every A\ € Fpm, let Fy @ Fpn — Fp be its
component function with linear space L, such that dim(Lp,) = s. Then F' is vectorial
p-ary s-partially bent if and only if

D Sy(Fy) = (p™ — 1pPte (13)

Ae]F;m

Proof.  Assume that F) is p-ary s-partially bent for every A € Fm. Then by Theorem 1,
the assertion holds. Conversely, assume that (13) holds. By Theorem 1, for every \ € Fym,
we have

Sy(Fy) > pnts,

with equality because of (13), which implies that F) is p-ary s-partially bent. This com-
pletes the proof. O

In [22], Mesnager showed that the left-hand side of (13) can be computed by counting
the zeros of the second-order derivatives. We denote by 91(F') the size of the set {(a,b, z) €
F3,. : DyDoF(z) = 0}

Proposition 12. [22] Let F': Fyn — Fym, and for every A € Fym, let Fy : Fpn — Fp be
its component function. Then

Y Sa(Fy) = pTR(E) - M

)\EIE‘Z*)m

We then deduce a characterization of vectorial partially bent functions by means of
zeros of their second-order derivatives.

Theorem 5. Let F' : Fpn — Fym, and for every A\ € Fpm, let Fy @ Fpn — Fp be its
component function with linear space L, such that dim(Lp,) = s. Then F' is vectorial
p-ary s-partially bent if and only if M(F) = p?7+s 4 p3n—m — p2nts—m,

Proof. By Theorem 4 and Proposition 12, F is s-partially bent if and only if p3"+5(p™
1) = p"*MN(F) — p*". Hence, the proof is complete. O

The following characterization of plateaued functions was given in [25].

Proposition 13. [25, Theorem 7] Let F : Fyn — Fpm. For v € Fpm, let Np(v;z) =
#{(a,b) € F2. : DyD,F(z) = v} for x € Fyn. Then there exists an integer s with 0 < s <n
such that F is vectorial p-ary s-plateaued if and only if Np(v;x) does not depend on
x € Fpn, nor onv € Fym.

We then deduce directly from Theorem 5 and Proposition 13 the following.

Corollary 6. Let F': Fyn — Fym. Then F' is vectorial p-ary s-partially bent if and only
if #{(a,b) € }Fl%n : DyDoF(z) = 0} = p™ts + p?"=™ — pFs=m for every x € Fpn.
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5 Characterizations of p-ary plateaued functions

In this section, we characterize p-ary plateaued functions in terms of their Walsh power
moments, autocorrelation functions and the value distribution of their derivatives.
We first recall the following well-known inequality.

Theorem 6 (Holder’s Inequality). [29] Let p1,p2 € (1,00) with p%qt p%, = 1. Then, for
all vectors (x1,x2,...,Tm), (Y1,Y2, - - -, Ym) € R™ or C™, Holder’s Inequality states that

1

m m % m P
P DN EA Dolwl )
k=1

k=1 k=1

The above inequality becomes equality if and only if for every k € {1,...,m}, |xgx|P* =
d|yi|P? for some d € RT. In particular, if p1 = pa = 2, then this is called the Cauchy-
Schwarz Inequality.

We are now going to deduce from Holder’s Inequality the following characterizations
of plateaued functions in terms of even power moments of their Walsh transform.

Applying the Cauchy-Schwarz Inequality, for z = |X;(w)|? and yr = |X7(w)[*
w € Fyn, 1 <k < p", we have

for all

2

STORF@PT] < S Gt D KW,

wEFPn wEFpn wG]Fpn

that is, Si11(f)? < Sao(f)S2:(f), where the equality holds for one (and hence for all) i > 1
if and only if for all w € Fyn, we have |Y7(w)|? = d |X7(w)[* for some d € RT; equivalently,
IX7(w)|? is either the same positive integer or 0, that is, f is p-ary plateaued. This proves
the following.

Theorem 7. Let f : Fpn — F,. Then for every positive integer i, we have

Siv1(f)?* < So(f)S2i(f).
with equality for one (and hence for all) i > 1 if and only if f is p-ary plateaued.

Theorem 8. Let f : Fyn — F,. Then for every integer i > 2, we have
PP < Si(f) */\@%—1),
where the equality holds for one (and hence for all) i > 2 if and only if f is p-ary plateauved.

Proof. By Theorem 6, putting ), = [Xj(w)|* for all w € Supp(X7) and yp =1, 1 <k <

N, with p; =7 and py = we have

-t
Xf? i—17

i—1

> WP < Y. G >

weSupp(X7) weSupp(Xy) weSupp(Xy)
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namely by the Parseval identity, p?>™ < S;(f) * N- )%_1), where the equality holds for one

(and hence for all) i > 2 if and only if for all w € Supp(X7}), |Xf(w)|* = d for some d € R*;
equivalently, f is p-ary plateaued. The proof is complete. O

Proposition 14. Let f : Fpn — F),. Then for every positive integer i, we have

Si(f)? < Sai(f) * N,
with equality for one (and hence for all) i > 1 if and only if f is p-ary plateaued.
Proof. By Theorem 6, putting z = [Xf(w)|* for all w € Supp(¥;) and yx = 1,
1 <k < Ng;, we have Si(f)? < Sau(f) + Ny, where the equality holds for one (and hence
for all) i > 1 if and only if |y7(w)|? is the same positive integer for all w € Supp(X7);
equivalently, f is p-ary plateaued. The proof is complete. O

In particular, for ¢ = 1, Proposition 14 (also for i = 2, Theorem 8) introduces the
following bound stating the trade-off between the number of nonzero values of Walsh
transform and the value of fourth Walsh power moment of a p-ary function, and this
bound is satisfied only by plateaued functions.

Corollary 7. Let f : Fyn — F,. Then we have p*™ < Sa(f) * N

<7 with equality if and
only if f is p-ary plateaued.

The following bound can be clearly derived from Proposition 6 and Corollary 7.
Corollary 8. Let [ : Fyn — Fy. Set 0y = Y, cp &7 Then we have p <
0 *Nx , with equality zf and only if f is p-ary plateaued

We derive from Proposition 5 and Corollary 8 the following bound, which was first

observed in [31], in characteristic 2.

Corollary 9. Let f : Fyn — Fy. Set Ap, = Zaeﬁ?pn |A¢(a)|?>. Then we have p*™ <
* J\/Xf, with equality if and only if f is p-ary plateaued.

The following result was first given in [31], in characteristic 2.

Proposition 15. Let f : F,n — Fp,. Then
2 =~(1\12
P < Ny = b@ﬁf(lw(b)l ), (14)

with equality if and only if f is p-ary plateaued.
Proof.  Clearly, by the Parseval identity we have
=D IGW)IP < Ny + maX(IXf( )I?).
welp

Assume that the bound (14) is satisfied. By the Parseval identity, for all w € Supp(X7), we
have |x7(w)|? = maxb@ppn(b/(}(b)\Q), that is, there exits an integer s such that |Y;(w)> =
p" S ie., f is s-plateaued. Conversely, by Lemma 5, we have N =p"* and X7 (w)? =

p"ts for all w € Supp(x7). Hence, the proof is complete. O

We now deduce from the Parseval identity a characterization of plateaued functions in
terms of their fourth Walsh power moment.
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Proposition 16. Let f : F,n — F),. Then

Sa(f) < p™" blgg};(lﬁ(b)ﬁ)’

p
with equality if and only if f is p-ary plateaued.

Proof.  Clearly, we have

. G@It= 3 KWW < Y KWl max(GO)P);  (15)

WGFpn we]Fpn WG]FPTL

equivalently, Sa(f) < Si(f) maxbeypn(b@(b)]z). For the equality case, assume that f is
plateaued. By Lemma 3, we conclude that the bound is satisfied. Conversely, by (15), for
all w € Supp(xy), we have |Y7(w)[* = maxyer,, (|X7(b)[*), that is, f is plateaued. O

We can derive directly from Propositions 6 and 16 the following bounds.

Proposition 17. Let [ : T — Fy. Set 0y =3, ep . & ). Then we have
6y < p" X7 (b))? 16
F<p ggﬁg(m( )%, (16)

with equality if and only if f is p-ary plateaued. Set Ax, = Zaern |Ag(a)|?. Equivalently,

by Proposition 5 we have
Aa; < p" max (IX5(0)]%),

P

with equality if and only if f is p-ary plateaued.

Notice that the equality case of (16), in characteristic 2, was observed in [3].

6 Conclusion

Some plateaued functions have attracted attention since their introduction in the literature
due to their role in diverse domains of Boolean and vectorial functions for sequences and
cryptography. In this paper, we provided several characterizations of p-ary plateaued func-
tions via their Walsh power moments, autocorrelation functions and derivatives. We also
characterized p-ary partially bent (vectorial) functions by their second-order derivatives
and fourth Walsh power moments. Furthermore, for any prime power ¢, we redefined the
notion of partially bent functions over F, and next presented some of their characteriza-
tions in terms of their Walsh power moments, second-order derivatives and autocorrelation
functions.
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